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Motivation " Uhivesbity

e Transition towards a low-carbon economy requires major transformations in
every industry sector

e A company'’s large carbon footprint can pose a threat to its share price due
to stranded assets (cf. [van der Ploeg and Rezai, 2020],
[Curtin et al., 2019])

e Investors want to limit the carbon risk of their portfolio

e According to [BlackRock, 2023] 46% of institutional investors surveyed
ranked “navigating the transition to a low-carbon economy” as their top
investment priority

e Companies often try to reduce their carbon footprint, and investors also
want to tighten the carbon risk limit over time
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. MACQUARIE
Notation H Unive?sity

[0, T]: Time span considered by the investor

B:, S§, SP: Price of risk-free, green and brown asset at time t € [0, T]

7; = (7€, mP)7: Fractions of wealth invested in the green and brown asset

X[ Wealth of the investor at t when following the strategy 7
C: = (C£,CP)T: Carbon risk at time ¢

C:: Maximum carbon risk the investor is willing to take with her portfolio

3/29



Model setup " Uhiversity
e Financial market with one risk-free, two risky assets (“green” and "brown™)
which follow the dynamics
dB; = rB.dt
dS¢ = pgSEdt + 0,SEdW}, S5 >0,
dSt = 1pStdt + o, SP (de} + ﬂdWE) )
e We assume, that company i € {g, b} reduces its carbon risk according to
Cl=Clexp(—dit).
e Similarly, the carbon risk the investor is willing to take decreases by
Ce = Coexp (~3t).
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Model setup " Uhivesbity

e For t € [0, T] the investor seeks to
(i) maximize the expected terminal utility
(ii) while limiting the carbon risk of the portfolio at time t to C;
e At time t € [0, T] and with current wealth x > 0 the investor tries to find

V(t,x) == sup  Ee [U(XT)] (1)
= sup J(t,x,7) (2)
for her utility U : (0,00) — R.
e Results in optimization problem

sup J(t,x,m)
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Optimal portfolio B [acquame
Theorem (Solution to optimization problem for power/logarithmic utility)

Let C, be the carbon risk level at time t, t € [0, T] which the investor does not
want to exceed with her portfolio. Then the optimal portfolio process is given by

* C;rﬂ'f*ét -1 4 * 5

c Wt—m<00—r) Ct /fCtTﬂt >Ct
T, =

T else
where
-1
)i e0") T (u=rl) v 209 #1

t

(O’O‘T)_l (u—rl) =1
is the optimal portfolio process from the unconstrained optimization problem for

the power utility and the special case of a logarithmic utility (v = 1). 6/20
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Value function " MACQUARIE

Theorem (Solution to optimization problem for power/logarithmic utility

continued)
The value function is given by

1 T 1
V() = g =x e (—(1 - 7)/ r (@) (n—r1) - 2y (WS)TUUTWCC’U)
t

forv >0, v+# 1 and by

-
V(t,x) = x —i—/ r+ (WS)T (n—rl)— % (WS)TO'O' < du
t
for v = 1.
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Optimal portfolio B [acquame

For C/wt > C, the investments in the green and brown asset shall be adjusted to
(n6)" = ()" — w (03CE — og0upCY) (4)
(ﬂf) :3(Wf)*-—f€(J§Cf-—-0g0prf), (5)
where
CF (n£)" +Ct (x)" G
oi(Cf)z——Qagoprfo%—aé(Cf)z.

K =

8/29



. |
Observations " Uhivesbity

(i) Since —1 < p<1and CJ" =C¢(n§)" +CP (7b)" > C,, it follows that
k> 0.

(i) In the case of two uncorrelated shares, the term in the parentheses is greater
than zero (c.f. (4) and (5)), i.e. the carbon constraint causes a reduction in
the fractions invested into both shares compared to the unconstrained case.

(iii) The green investment will be increased compared to the unconstrained case,
if
cs < 78 pct.
Ob
(iv) The fraction invested into the brown asset will be increased if

c’ <2 b HCE .
g
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Example

Carbon risk development Optimal portfolio development
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Figure 1: The carbon constraint leads to an undesirable effect!

Parameters: i = 0.025, yuj, = 0.035, 0 = 0.15,0p = 0.4, p = 0.7,r = 0.01, T = 10,C§ =3,CE =3.5,C0 = 1.5,8; = 6, = 0.1,6 = 0.3
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Set of portfolio processes
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Upper bound on brown investment Lower bound on green investment
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Optimal portfolio under additional constraints " ety

Since
b b\ *
> (rf) = @ < (Wt) ’
we include the constraint on the green asset and receive the new optimization

problem

sup  J(t,x,7)

s.t. CtT7rt < CNt,
m§ > (m§)". (6)
To simplify the notation in the following proposition, we define
—C CtTWf - C~t

T\ -1
= Ct.
T C,.T (O’O’T)_l C, (JU ) t
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Optimal portfolio under additional constraints " e RIE
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Proposition

The optimal portfolio at time t,t € [0, T| for problem (6) is given by

(nE)C (n8)" — (78)¢ ifclnr > Cp and (76)° <0,

Y —

' (m$)" else,
Ct—Cf(wf) . T % 5 —-g C
— ifC, m; > C; and (7¢)” >0,

¢ . _ «

(me) = (72)" — (ﬁf)c ifClrr > C, and (7)€ <0,

(77,{’)* else,

where T again denotes the optimal portfolio process from the unconstrained
optimization problem.
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Conclusion " Uhivesbity

e Aim to limit the carbon risk in an investor's portfolio
e Solve the optimization problem analytically for power/logarithmic utility

e Find conditions, which tell when the investment in the green asset increases
compared to the unconstrained case

e Possible, that carbon constraint leads to increased investment in the brown
asset

e See preprint for: Comparison of optimal portfolio under carbon intensity
constraint and under BGS constraint
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Thank you!
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Carbon metrics " Uhivesbity

1. Carbon emissions: carbon risk rises with quantity of emissions, but larger
companies tend to emit more carbon

2. Carbon intensity: set emissions in relation to size of the company by
dividing by its revenue (or other appropriate variable)

3. Brown-Green-Score (BGS): introduced by [Gorgen et al., 2020], assesses
a company's carbon risk based on the three dimensions value chain, public
perception and adaptability:

BgSt - 07 * Vi + 015 . Pt _|_ 015 © dt
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Comparison of carbon intensity and BGS " Uittty

Theorem (Solution to optimization problem under BGS constraint)

For N .
=CT ._ CL, 7 —CI,
Y ocez] (e0T) T,

(OO'T)il C1,

and

C"ISC — CIt — C.,Z:?lﬂ';_.k
‘ CIP —C1%
we can rewrite the optimal portfolios under the carbon intensity constraint (WCI)
and under the BGS constraint (WBQS ) as

and
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Comparison of carbon intensity and BGS " Uittty

Theorem (Solution to optimization problem under BGS constraint
continued)

(78)%° = (#8)" — kb (76) 7 — k3 (03BISE — 0304pBGS?)
k2 <ag ((0.7CZ8) /(CT? — CTE) — 0.15 (pf + 25))
— 7gp ((0.7CTE)/(CT — CTE — 0.15 (p? + 2F) ) ).
(72) %9 = (xb)" — kL(7D)T — 2 (U;Bgsf - aga,,pzsgsg)
i3 (ag, ((0.7CT)/(CTE — CT¢ — 0.15 (pf + a%))
— 0400 ((0.7CTE)/(CT? — CTE) — 0.15 (pf + af)) )
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Comparison of carbon intensity and BGS " Uittty

Theorem (Solution to optimization problem under BGS constraint

continued)
where
049 02 (CTE)? — 20,04pCTECTY + 02 (CTP)*
(CT? — CT%)* 02 (BGSE) — 20,0,pBGSEBGS? + 02 (BGS?)”
2 0.7 CTf (7§)" + CI? (7f) — CL,
t

CI}—CTE o3 (BGSE): — 20,00pBISEBGS? + 02 (BGS?)”
(pf +a8)" (n8)" + (pf +3?)  (mh)" = (Be + 1)
02 (BGSE)? — 20,0,pBGSEBGS? + o2 (BGS?)*

k3 =0.15 -
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Comparison of carbon intensity and BGS " Uittty

Theorem (Solution to optimization problem under BGS constraint
continued)

and BGS; = 0.7V, + 0.15p; + 0.154; is the limit the BGS of the Portfolio shall
not exceed at time t € [0, T|. Further,

L (oo T -r1) v>0,9#£1
T =
"o lee) -y =1

is the optimal portfolio process from the unconstrained optimization problem for
the power utility and the special case of a logarithmic utility (v = 1).
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Observations " Uhivesbity

(i) It holds x!, k2 > 0. Further it is k3 > 0 if (p; + a;) "7} > P + 3:

BGS

(i) Due to the many terms in the optimal portfolio process 7°¢<, it is not

possible to specify a simple condition under which the green investment
increases. Taken together, the conditions

0,CI§ < 0,pCI?,
b (PE + af) < ogp (P +27)

Op > Ogp

are sufficient for an increasing investment in the green asset. Note, that this
condition is sufficient but not necessary.
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(iii)

Similarly, the conditions
0,CT? < oppCTE,
og (p0 + a7) < owp (pE + aF),

Og > Opp

are sufficient for a decreasing brown investment.

Note that the conditions for the BGS constraint to increase the green
investment are not necessarily stricter than the one for the carbon intensity
constraint. As the conditions are sufficient but not necessary, overfulfillment
of a condition can compensate for not fulfilling the other ones. Since the
BGS consists of several components, only the BGS as a whole counts, not

the individual components.
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Proof Theorem 1 " Uhivesbity

If the investor evaluates the utility of her assets according to the log-utility, the
expected value to be optimized results in

T 1 T
In(x) + / (r + ) (1 —rl) — 27{00 7Tu) du + / WIJCI’WU]
0 0

=In(x) + rT + UOT (wj (w—rl) — ;ﬂaa wu) du] .

In order to maximize the expected utility of the final wealth, it suffices to

E[n(XZ)] = E

maximize the integrand pointwise in t and w.
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Proof Theorem 1 " Uhivesbity

As Lagrange function we get
1 ~
L(me, \) =m, (p—rl) — E?T;I—UO'TT(} — A (G 7 —C) .
The stationary condition yields

d
_L (Trta)\t) - (/,L - rl) - O-O-Tﬂ-t - )\tct ; 0
drm,

& +UUT7Tt—(,U—rl—)\tCt):O- (7)
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Proof Theorem 1 " Uhivesbity
By the complementary slackness condition have

)\t (C:ﬂt —ét) ; 0
<~ C;rﬂ't - CNt = 0. (8)

since we do not consider \; = 0. Combining both equations yields

c —C —1

C * t t T

m, =M, — ————— |00 C 9

‘ ‘ C;I— (O'O'T)_l Ct ( ) ‘ ( )
as a candidate for the optimal portfolio process. Due to o,, 0, > 0 it holds that

d
d?m,

L(m,\e) =00 <0

and 7¢ indeed maximizes the optimization problem.
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